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Uni� ed Finite Element Method for Engineering Systems
with Hybrid Uncertainties

Singiresu S. Rao,¤ Li Chen,† and Eric Mulkay‡
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The � nite element method (FEM) is established as one of the most popular and powerful tools in analysis and
design of engineering systems. However, the method can only be used at an advanced(or detail) design stage when a
designer has developed suf� cient con� dence in the design scheme. In the early (or conceptual/preliminary) design
phase, the method cannot be used directly due to the existence of uncertainties of various types. A procedure is
proposed for the FEM to handle engineering systems in the presence of hybrid uncertainties that are characterized
by randomness (or stochastic uncertainty) and fuzziness (or design imprecision). The proposed scheme utilizes the
techniques of stochastic and fuzzy FEMs in a uni� ed manner to investigate the effects of both input random and
fuzzy uncertainties on the output system response. Interpretations of the generated solution space and guidelines
in selection of an appropriate solution, according to speci� c design requirements, are discussed. Two numerical
examples are presented to illustrate the computational aspects of the proposed scheme. The current procedure is
expected to enhance the understanding of designers regarding the effects of uncertainties in an evolutionarydesign
process, especially in the conceptual or preliminary design phase.

Nomenclature
A = coef� cient matrix in a linear system .AX D B/
B = vector of constants in a linear system .AX D B/
di = i th design parameter
E[¢] = expected value
ei = i th empirical parameter
f .¢/; fi .¢/ = probability density function
H.¢/ = linear system .H D AX/
h i .¢/ = i th linear equation
m.¢/; m i .¢/ = membership function
m X = hybrid-uncertaintymean
P = vector of input parameters
Pd = vector of design parameters
Pe = vector of empirical parameters
pi = i th input parameter
X; Xi = vector of unknown variables
xi = i th unknown variable
® = design level cut
D L

.¢/; D R
.¢/ = vector of left/right spreads

±L
.¢/; ±R

.¢/ = left/right spread .¸0/
¹.¢/; ¹i .¢/ = mean value
ºX = hybrid-uncertaintyvariance
¾ .¢/; ¾i .¢/ = standard deviation .¸0/
Ä = universe of discourse

Subscripts and Superscripts

® = ®-level cut
.¢/; N.¢/ = lower and upper bound/limit

Introduction

W ITH the development of integrated design and manufactur-
ing, many engineering systems tend to be more intractable

for an analyticalsolution in closed form. Such a situation is encoun-
tered, for example, in the case of concurrent engineering due to the
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increased complexity of the integrated system(s). Under this cir-
cumstance, numerical techniques such as the � nite element method
(FEM) appear more useful in � nding an approximate solution. The
FEM has become one of the most popular and powerful tools for
the analysis and design of engineering systems due to its general
applicability and � exibility.

The conventionalFEM for analysisand designof engineeringsys-
tems neglects uncertainties present in an engineering process and
assumes that the system information is known in precise terms. As
such, the resulting solution is a single point in the parameter space.
The effect of design and/or manufacturing uncertainties on the so-
lution is studied by conducting a sensitivity analysis. The solution
will be enlarged from a single point to an expanded region when the
uncertainties of the parameters are considered in the analysis. The
enlargedsolutionregion can be used to satisfyspeci� c requirements
during the design process.

Unfortunately, most � nite element software packages currently
being used are more suitable at an advanced (or detail) design stage,
when a designer has developed suf� cient con� dence in the design
scheme. Furthermore, such software packages also have many em-
bedded assumptions, for example, geometric dimensionsneed to be
known exactly.Thus, a gap exists between the use of advancedsoft-
ware and the early (or conceptual/preliminary) stage of engineering
analysisand design.The motivationof this work is to bridge this gap
by developinga new procedure to incorporatevarious uncertainties
into the current FEM.

The uncertainties associated with an engineering system can be
grouped into three categories,subjective,objective,and hybrid type
uncertainties.The subjectivetype of uncertaintyis usuallyknown as
fuzziness and arises from cognitive sources involving, for instance,
de� nitionof certainparameters,human factors,and de� nitionof the
interrelationships among the parameters of the problems. The ob-
jective type of uncertainty, often referred to as randomness, results
fromnoncognitivesources involving,for instance,physicalstochas-
tic likelihood, as well as statistical uncertainty due to incomplete
information collected. The hybrid type of uncertainty is an integra-
tion of subjective and objective uncertainties due to the presence
of both cognitive and noncognitive sources involving, for instance,
simplifying assumptions in analytical and prediction models, sim-
pli� ed methods, idealized representationsof real performances,and
empirical data or formulation.1

The FEM in the presenceof stochasticuncertaintieshas beenwell
developed and extensively studied.2– 7 The stochastic FEM is used
to handle uncertain (input) parametersdescribedby probabilitydis-
tributions. The technique was initiated in the 1980s to account for
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stochasticuncertaintiesin system parameters(pertainingto material
properties), geometry(pertainingto manufacturingerrors,measure-
ment, or instrumentationlimitations), and external actions (pertain-
ing to occasional disturbances from outside or environment). In
1980, a generic stochastic FEM was developed by Contreras2 for
modelingandanalyzingstructuresin a probabilisticframework.The
transientstructural loads, idealizedas stochasticprocesses,were in-
corporated into the � nite element dynamic models with uncertain
parameters. Handa and Anderson3 proposed an FEM that allows
estimates for the mean values, standard deviations, and correlation
coef� cients of structural displacements and stress by considering
variations in applied loads, dimensions, and material properties.
Nakagiri et al.4 developed a method for the uncertain eigenvalue
analysis of � ber-reinforced plastic plates. By treating the � ber ori-
entationsand thicknessof plies as randomvariables,the coef� cients
of variation of the eigenfrequencywere computed. Vanmarcke and
Grigoriu5 presented a stochastic FEM for solving a variety of en-
gineering mechanics problems in which physical properties exhibit
one-dimensional spatial random variation. The basic concepts un-
derlying randomloads and material properties involvedin structural
engineering were examined, as well as the various stochastic � nite
element formulationsthat cover a wide rangeof applicationsto both
static and dynamic analyses.6 Kleiber and Hien7 presented the de-
velopmental steps from basic probability theory to stochasticFEM.

The FEM in the presence of fuzzy uncertainties has been inves-
tigated recently by several researchers.8 – 11 The fuzzy FEM is used
to manipulate uncertain (input) parameters described by possibility
distributions. The technique was developed beginning in the early
1990s to capturefuzzyuncertaintiesassociatedwith subjectivepref-
erence or personal desire, during a design development period, in
impreciselydescribing,selecting,or estimatingdata/formulationfor
systemparameters,geometry,andexternalactions.Rao andSawyer8

proposed a fuzzy FEM for static analysis of engineering systems
using an optimization-based scheme for the numerical solution of
systems of fuzzy linear equations. The fuzzy treatment of system
parameters,geometry, and applied loads was consideredand imple-
mented in their approach. Chen and Rao9 developed a fuzzy FEM
for vibration analysis of imprecisely de� ned systems by using a
search-basedalgorithm.Their approachenhancesthe computational
ef� ciency in fuzzy operations for identifying the system dynamic
responses.Valliappanand Pham10 consideredthe use of fuzzy � nite
element analysis for a foundationon an elastic soil medium. In their
work, the elastic modulus and Poisson’s ratio of the soil were taken
as fuzzy parameters to representthe uncertaintyin the soil behavior.
Shimuzu and Hiroaki11 used fuzzy sets as a basis to automatically
generatethe � nite elementmesh.The fuzzyset theorywas utilizedin
their method to mathematically model the human thought process.

The FEM in the presence of hybrid uncertainties has not been
considered in the literature. This work will address and discuss the
applicationof FEM to engineeringsystems under hybrid uncertain-
ties. This implies that the effects of both input randomness and
fuzziness will be taken into account simultaneously in determining
the system responses. In the following sections, the basic stochastic
and fuzzy FEMs are reviewed � rst. Then, the FEM in the presence
of hybrid uncertainties is presented and discussed. Next, the pro-
posed method is illustratedby two numerical examples. Finally, the
present work is overviewed with concluding remarks.

Background
Depending on the nature and extent of uncertainty, the random-

ness and fuzziness present in an engineering system can be distin-
guishedas follows. If only the frequenciesof occurrenceof system/
design parametersare to be capturedwith known characteristics,the
performance or output of the system can be determined using the
theoryofprobability.A probabilisticor stochasticproblemischarac-
terized by the probability distribution associated with the uncertain
parameters. In this case, the probability quanti� es the measure of
the frequency of occurrenceof an event. Fuzzy theory, on the other
hand, can be used to predict the pertinent system response if the
system/design parameters are expressed in linguistic or imprecise
terms. A fuzzy problem is characterizedby the possibility distribu-
tion de� ned by an appropriate membership function. In this case,
the possibilityquanti� es the imprecisionor meaningof an event and

measurestheextentto whicha sample is close to a desiredelementof
a population.The basic probabilityand fuzzy theories can be found
in Refs. 12–14. The stochasticor fuzzy FEM essentiallyfollows the
basic framework of the traditional (deterministic) FEM except for
the procedure in solving the governing equations. The basic steps
involved are essentially the same as those in the deterministic � nite
element analysis.15

Consider the following system of uncertain [uncertain (uncer-
tainty) is used to imply either stochastic (randomness) or fuzzy
(fuzziness)] linear equations:

H .A.P/; X/ D B.P/ .1/

where

H .A; X/ D AX .2/

The objective is to � nd the uncertain vector X D .x1; x2; : : : ; xn/T

that satis� es Eqs. (1) and (2), where A D .ai j /n £ n .i; j D 1; 2,
: : : ; n/ and B D .b1; b2; : : : ; bn/T denote the input uncertain coef� -
cientmatrix and uncertainright-hand-sidevector,respectively.Note
that for most engineering systems, the coef� cient matrix A and the
constantvectorB may bedependenton thevectorof the inputparam-
eters P. The methods of solvinga system of � nite element equations
in the presence of each type of uncertainty are outlined next.

Stochastic FEM
The stochasticFEMs are used to predict the statisticaluncertainty

likely to be present in the results of an engineering model due to
random uncertainties in the model-input parameters. It is assumed
that the stochasticdata of all input variablesare known a priori. If the
joint probability density function of the random input parameters
is known, then the mean and variance of a function of the random
variables,g.p1; p2; : : : ; pn/, can be determinedusing the principles
of probability theory.

On the other hand, if the joint probability density function is not
known, then the mean and variance of g.¢/ can be approximated
by expanding the function, g. p1; p2; : : : ; pn/, in a Taylor’s series
about the mean values of all input variables. If the Taylor’s series
is truncated after the second-order terms, then g. p1; p2; : : : ; pn/ is
approximated by

g.p1; p2; : : : ; pn/ ¼ g.¹1; ¹2; : : : ; ¹n/ C
n

i D 1

@g

@pi .¹1;¹2 ;:::;¹n /

.pi ¡ ¹i /

C1
2

n

i D 1

n

j D 1

@2g

@pi @p j .¹1; ¹2;:::; ¹n /

. pi ¡ ¹i /.p j ¡ ¹ j / (3)

This yields the mean and variance of g.¢/ as

¹.Y/ D g.¹1; ¹2; : : : ; ¹n/ C 1

2

n

i D 1

n

j D 1

@2g

@pi @p j
.¹1; ¹2;:::; ¹n /

cov[pi ; p j ] (4)

¾ 2.Y/ D
n

i D 1

@g

@pi
.¹1; ¹2;:::; ¹n /

2

var[pi ]

C
n

i D 1

n

j D 1

@2g

@pi @p j
.¹1 ; ¹2 ;:::; ¹n /

cov[pi ; p j ] (5)

which are known as the partial derivative rule.12 The partial deriva-
tive rule can be used in conjunction with the FEM by treating the
� nite element solution found by solving the system in Eq. (1) as
a function of random variables. Using the approximations shown
in Eqs. (4) and (5), output statistics for the � nite element problem
can be generated. If the gradients are not explicitly known, a � nite
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Fig. 1 Solution procedure for a system of stochastic linear equations.

difference approximationcan be used. This is known as a perturba-
tion approach to stochastic FEM. The procedure to be followed in
� nding the output statistics of a stochastic linear system is shown
as a � ow diagram in Fig. 1.

Fuzzy FEM
Set theory usually de� nes a set such that a given entity must ei-

ther fully belong to a set or not belong to the set. A fuzzy set, on
the other hand, is de� ned with the use of a membership function
m i .¢/ 2 [0; 1] where m i .¢/ D 1 means total membership in the fuzzy
set, m i .¢/ D 0 means no membership in the fuzzy set, and fractional
values represent partial membership in the fuzzy set. The term ®
level or ® cut refers to a discretizationof a fuzzy number or mem-
bership function by giving the lower and upper bounds that indicate
a given membership value of ®. In other words, this indicates the
range of values that belong to a given fuzzy set with a membership
value of ® or greater.

As stated earlier, the fuzzy FEM follows exactly the same rou-
tine as used in the deterministic FEM except for the solution of
a system of linear equations. Several remarkable works have been
reported8;9;16 for solving a system of fuzzy linear equations. The
computational methodology used for the numerical solution of a
set of fuzzy linear equations involves three steps: 1) computerized
selectionof fuzziness (to ensureexistenceof the solution), 2) imple-
mentation of fuzzy operations (to save intermediate computational
effort), and 3) execution of a search-based algorithm (to quickly
identify the solution). The method basically transforms the original
problem of solving a fuzzy linear system into an equivalent prob-
lem of solving a system of nested interval linear equations by using
interval analysis. Thus, the fuzzy linear system, de� ned by Eqs. (1)
and (2), can be expressedalternativelyin the followinginterval form
at a speci� c ® level:

H®.A®; X®/ D B® .6/

with

H®.A®; X®/ D A®X® .7/

where A® D .ai j;®/n £ n .i; j D 1; 2; : : : ; n/; ai j;® D [ai j ; Nai j ]®
; B® D

.bi;®/n £ 1; bi;® D [bi ; Nbi ]® ; and X® D .x1;®; : : : ; xi;® ; : : : ; xn;®/T ,

xi;® D [x i ; Nxi ]® . Note that the subscript ® denotes that the variable
or function is considered at a speci� ed ® level and that a bar below
or above a variable or function represents a lower or upper bound,
respectively,of the variable or function.

In the search-based numerical method, the lower and upper
bounds of the constant term bi and Nbi are taken as the two target
values for the i th search with respect to the i th fuzzy linear equa-
tion at a speci� c ® level, namely, the i th interval linear equation
h i .Ai;® ; X® / D bi;® , where h i .Ai;® ; X® / D h i [.ai1; ai2; : : : ; ain /® ,
X®] for i D 1; 2; : : : ; n. Each interval solution is sought by means
of two separate searches, one directed toward the lower bound of
the target value and the other toward the upper bound of the target
value. The conditions under which a solution exists for the fuzzy
system can be stated in the form of inequalities, at any prescribed
level ®, as

bi < h i Ai;® ; X.0/ < Nbi ; i D 1; 2; : : : ; n .8/

or

B® < H® A®; X.0/ < NB® .9/

where X.0/ indicates the crisp solution (vector) found from the crisp
system of linear equations(without any considerationof fuzziness).

The search algorithm starts with the solution of the crisp system
of linear equations. The resulting crisp solution X.0/ is used as the
base or central solution to � nd the fuzzy solution. The subsequent
search process for the solution, at a speci� c ® level, is deployed on
the basis of the crisp solution. Thus, the search objective for each
equation can be identi� ed by targeting two vectors that indicate the
left- and right-side variations, D L

i .¸0/ and D R
i .¸0/,

Xi D X.0/ ¡ D L
i ; NXi D X.0/ C D R

i .10/

where D L
i D .±L

1 ; ±L
2 ; : : : ; ±L

m /T
i and D R

i D .±R
1 ; ±R

2 ; : : : ; ±R
m /T

i . Once
all local solutions are found from the various interval equations,
the global solution at a speci� c ® level, X® , is determined as the
intersection of the individual local solutions, Xi;®.i D 1; 2; : : : ; n/.
Thus, the solution of the system of fuzzy linear equations at any
speci� c ® level can be formalized as

X® D X1;® \ X2;® \ ¢ ¢ ¢ \ Xn;® .11/

where Xi;® D [Xi ; NXi ]® for i D 1; 2; : : : ; n. The solution procedure
is shown as a � owchart in Fig. 2.

Methodology
The uni� ed FEM proposed closely parallels the stochastic/fuzzy

� nite element analysis procedure with the exception of the way to
generate the � nal solution. A procedure is outlined in the following
section to generate the solution space that allows the designer more
freedom during the early or intermediate design period to pick an
appropriate design in the expanded solution space. The proposed
uni� ed FEM is a tool to solve for the (uncertain) system response
parameters given both the stochastic and fuzzy information of the
input parameters.

Uni� ed Solution Scheme
In a design engineering process, a remarkable difference exists

among the three types of uncertainty. In general, a designer cannot
control the objective aspect of uncertainty inherent in, for example,
the material properties and system performanceor the qualitiesdue
to a lack of exact or complete knowledge. However, designers can
have their subjective preferences or desires in choosing/specifying
values for designparameters to be used in the formulationof the sys-
tem. Typically, the hybrid uncertainty interacts with each phase of
any engineering design development.At the early design stage, the
subjectiveuncertainty,representingthedesignimprecisionordegree
of vagueness/inexactness in choosing among design alternatives,17

usually dominates the preliminary design con� guration. With the
progress of the iterative design process, this type of uncertainty is
reducedgraduallyand will be eliminated in the � nal design.The ob-
jective uncertainty,on the other hand, usually remains (by retaining
a certain level) throughout the design process. Comprehensively,
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Fig. 2 Solution procedure for a system of fuzzy linear equations.

any engineering design process can be viewed as an evolutionary
development procedure in which the overall uncertainty is shrunk
globally with the progression of the iterative design process.

If the FEM is used at an early design stage, two distinct forms of
uncertaintyexist simultaneously:stochastic uncertainty and design
imprecision.The stochastic uncertaintyassociatedwith the geome-
try or material propertiesof the structureor the loads appliedmay be
represented as random data, particularly if the values are measured
in an experiment. This form of uncertainty is spatially distributed
over the region of the structure and is modeled as a stochastic or
random � eld. On the other hand, design imprecision is usually in-
volved in subjective selection of the parameter values among de-
sign alternatives subjected to personal desirability or knowledge.
The fuzzy uncertainty conveys imprecise information present in
description/selection of the geometry, material properties, applied
loads, or boundary conditions of a system. As a result, all of the
input parameters may be treated generally as nothing but hybrid-
form uncertain parameters. This leads to the need to upgrade the
existing FEM by integrating the stochastic and fuzzy uncertain-
ties together in the contextual solution procedure.Therefore, in the
proposeduni� ed FEM, the random and fuzzy uncertaintiesare con-
sidered simultaneously with each parameter. For conciseness, the
input parameters are distinguishedby the two categories, empirical
parameters (indicatingmaterial propertiesand external actions) and
design parameters (indicatinggeometric dimensions), which can be
formalized as follows:

P D .Pe; Pd/T .12/

Fig. 3 Triangular membership function of the ith input parameter.

with

Pe ½ P; Pd ½ P; Pe \ Pd D .13/

and

Pe D .ei /k £ 1 D .e1; e2; : : : ; ek/
T

Pd D .di /l £ 1 D .d1; d2; : : : ; dl /
T (14)

P D .pi /.k C l/ £ 1 D .p1; p2; : : : ; pk C l /
T

where P, Pe, and Pd represent the vectors of input, empirical, and
design parameters, respectively. In general, the empirical param-
eters in Pe have stochastic data, and the designer must assign a
suitable fuzzy description. Meanwhile, the designer usually has a
predeterminedfuzzy descriptionof the designparameters in Pd , and
an appropriate stochastic de� nition must be generated.

In this work, triangular type membership functions, i.e., possibil-
ity distributions, are considered, for simplicity, to model fuzziness
(or design imprecision) associated with all the input parameters.
(Note that, in the followingsections,the terminputparametersrefers
to both empirical and design parameters.) The L–R form represen-
tation proposed by Dubois and Prade18 is used (shown in Fig. 3),
which can be de� ned as

m i .pi / D

1 C
pi ¡ p.0/

i

±L
i

; p.0/

i ¡ ±L
i · pi < p.0/

i

1 ¡
pi ¡ p.0/

i

±R
i

; p.0/
i · pi < p.0/

i C ±R
i

0; otherwise

.i D 1; 2; : : : ; k C l/ (15)

where m i .¢/ is the membership function of the i th input parameter,
±L

i .>0/ and ±R
i .>0/ are the left and right spreads that are termed

as fuzziness, and p.0/

i is the mode, i.e., nominal value, whose mem-
bership function corresponds to the value of 1, as shown in Fig. 3.
Alternatively, the i th fuzzy input parameter is simply denoted as
.p.0/

i ; ±L
i ; ±R

i / for i D 1; 2; : : : ; k C l.
In most real-life situations, an empirical parameter such as

Young’s modulus is derived from an experiment. The experimen-
tally collected or measured data usually follow normal distribution
due to the stochastic nature of any experiment. As an example, the
Young’s modulus at any one point in the bodyof materialmay differ
slightly from any other point. To quantify the stochasticuncertainty
associated with an empirical parameter, normal distribution is con-
sidered in this work with the following density function for the i th
empirical parameter:

fi .ei / D 1
p

2¼¾i

exp ¡1

2

³
ei ¡ ¹i

¾i

´2

.i D 1; 2; : : : ; k/

(16)
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where ¹i and ¾i are the mean value and standard deviation of the
i th empiricalparameter.During the early design period, an arbitrary
value needs to be speci� ed for an empirical parameter as an input
to the system. Because of the fuzzy nature of the early design stage,
this speci� cation is totally subjective, depending on the designer’s
preference.Mostly, a mean value of experimentaldata is used as the
nominalvalueof the systemparameter in the contextualformulation
when no other information is available. If additional information is
provided on functional requirements, such as reliability or safety
issuesinvolved,then the nominalvalue selectedmay deviateslightly
from its mean value but still fall in a possible range, i.e., fuzziness,
which is quanti� ed as the sum of left and right spreads.

On the other hand, a designparametersuch as the lengthof a beam
represents a parameter derived from a design process. In the case
of integrateddesignandmanufacturing,manufacturingdisturbances
(or errors) need to be incorporatedinto the design iterationsin which
eachdesignparameteris coupledwith an associatedrangeindicating
a manufacturing tolerance present in a speci� c physical process.
Typically, the range representing the manufacturing tolerance, for
example, 1di , can be treated similarly to the range of fuzziness,i.e.,
±L

i C ±R
i ,

1di D ±L
i C ±R

i .i D 1; 2; : : : ; l/ (17)

in which the nominal value can vary along with a satisfaction level
indicatedby an appropriatemembership functionvalue. Because of
the imprecise nature of design parameters in the early design stage,
any possible numbers within this tolerance range can be evenly
selected as potential candidates for nominal values of the design
parameters. Thus, the stochastic aspect of a speci� c manufacturing
process associated with a design parameter may be formulated in
the form of a uniform distribution

fi .di / D
1

±L
i C ±R

i

; d.0/

i ¡ ±L
i · di < d.0/

i C ±R
i

0; otherwise

.i D 1; 2; : : : ; l/ (18)

whered.0/

i is thenominalvalueof the i th designparameter.The mean
and standard deviation of uniform distribution can be identi� ed as

¹i .di / D d .0/

i C ±R
i ¡ ±L

i

2
.19/

and

¾i .di / D ±L
i C ±R

ip
3

.20/

with ±L
i C ±R

i D 1di , as indicated in Eq. (17). Thus, an approxi-
mate interrelation between the stochastic and fuzzy uncertainties
present in the early design period is established for the design pa-
rameters. Given either the stochastic or the fuzzy information, the
other one can be derived and inferred readily using Eqs. (17–20).
For simplicity, the uniform variate is approximatedas an equivalent
normal variate with standard deviation equal to 1di =

p
3. The func-

tional mean and standard deviation values involving the empirical
and design (or input) parameters can be computed using the partial
derivative rule.12 The subsequent procedure for solving the system
of � nite element equationsunderhybrid uncertaintiesinvolvesthree
major steps, as discussed next. Figure 4 shows a schematic of the
uni� ed solution procedure.The added computational time involved
in obtaining the uni� ed solution of a hybrid problem is minimal
compared to the computationaleffort associatedwith the stochastic
and fuzzy � nite element solutions.

Step 1: Solution of Stochastic Finite Element Problem
In the � rst stage, the stochastic � nite element problem is solved

to identify the probability distribution(s) of the system (output) re-
sponse, for example, f .X/, in the absenceof fuzzy type uncertainty.
The stochastic FEM problem is solved using the following proce-
dure. 1) Solve for the mean value of the FEM output using mean
values for all input parameters, as in Eq. (4). 2) Compute the � rst
derivatives of the output with respect to all input parameters. 3)
Compute the output variance according to Eq. (5).

Fig. 4 Uni� ed solution procedure � ow.

Step 2: Solution of Fuzzy Finite Element Problem
In the second stage, the fuzzy � nite element problem is solved

to identify the possibility distribution(s) of the system (output) re-
sponse, for example, m.X/, in the absence of stochastic type un-
certainty. A search-based algorithm, involving the following step-
by-step procedure, is used. 1) Solve the deterministic � nite element
problem for the crisp solution by setting all of the input parameters
equal to their respective nominal values. 2) Detect the search di-
rections for both (left and right) sides of the unknowns using probe
lengths. 3) Select the optimum settings of components of the un-
knowns using a Taguchi-basedapproach.4) Deploy the search with
accelerated steps until the region in which the solution will lie is
identi� ed. 5) Apply the bisection technique to accelerate conver-
gence to a local solution. 6) Repeat the preceding steps for all of
the linear equations to � nd all of the local solutions. 7) Determine
a global solution using the intersection of all local solutions, as
de� ned by Eq. (6).

Step 3: Uni� ed Solution of the Hybrid Problem
In the last stage, a uni� ed solution is generated for the � nite

element problem under hybrid uncertainties by combining the so-
lutions, f .X/ and m.X/, found earlier. Because the stochastic and
fuzzy uncertaintiesare simultaneouslypresent in the system a mea-
sure known as fuzzy probability19 can be used to determine the
hybrid-uncertaintymean .m X / and variance .ºX /, as follows:

m X D Ä
X ¢ m.X/ f .X/ dX

Ä
m.X/ f .X/ dX

.21/

and

ºX D Ä
.X ¡ m X /2 ¢ m.X/ f .X/ dX

Ä
m.X/ f .X/ dX

.22/

where Ä is theuniverseof discourseto which X belongs,m.X/ is the
piecewise linear membership function obtained as the output of the
fuzzy FEM solution, and f .X/ is the probability density function
[Eq. (16)] using the output mean and standard deviation obtained
from the stochastic FEM solution. In numerical implementation,
Eqs. (21) and (22) are transformedinto an equivalentform in which
a nested set of appropriate interval functions are to be evaluated at
speci� ed ®-cut levels, as discussed next.

Hybrid Uncertainty Measures
The hybrid-uncertaintymean and variance are measures that are

useful to a designer in the initial stages of the design phase. Their
purpose is to combine the information generated by both stochastic
and fuzzy� niteelementcalculationsalreadyperformed.The hybrid-
uncertainty mean is useful as a best guess for the representative
output expected for the preliminary design with a given level of
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input fuzziness (denoted by the ® cut) and known random inputs.
The hybrid-uncertainty variance (or the hybrid-uncertainty spread
de� ned as the square root of the hybrid-uncertainty variance) is a
measure of the size of the predicted output space both in terms of
fuzziness and probability. A small hybrid-uncertaintyvariance at a
given ® level indicates that the output solution is predicted with a
relatively small degree of uncertainty.

The determination of the hybrid-uncertaintymean and variance
requires the evaluation of three integrals. [Note that the denomina-
tors of Eqs. (21) and (22) are the same.] For a given output variable
at a speci� ed ® cut, the universe of discourse Ä corresponds to the
range of the fuzzy solution given by xi;® D [x i ; Nxi ]® . The limits of
integration are, therefore, X ® and NX® . If ® 6D 1, Eqs. (21) and (22)
can be solved using an appropriatenumerical integration technique
such as an adaptive quadrature method. [Note that the membership
functionm.X/ is a piecewise-linearfunctionand that the probability
density function f .X/ is a smooth Gaussian distribution.]

For ® D 1, the upper and lower limits of integrationwill be identi-
cal, resulting in an indeterminate condition, i.e., 0 ¥ 0. Application
of L’HOopital’s rule gives

m X D lim
X ! X .0/

.d=dX/
Ä

X ¢ m.X/ f .X/ dX

.d=dX/
Ä

m.X/ f .X/ dX

D
X ¢ m.X/ f .X/

m.X/ f .X/ X.0/

D X.0/ (23)

and

ºX D lim
X ! X .0/

.d=dX/
Ä

.X ¡ m X /2 ¢ m.X/ f .X/ dX

.d=dX/
Ä

m.X/ f .X/ dX

D
X ¡ X.0/ 2 ¢ m.X/ f .X/

m.X/ f .X/ X.0/

D 0 (24)

This shows that the hybrid-uncertainty mean is identical with the
fuzzymode, and the hybrid-uncertaintyvarianceis zero at an ® level
of 1.0.

Because probability theory can be viewed as a subset of possi-
bility theory,19 the hybrid-uncertainty results are to be interpreted
more as fuzzy information than stochastic information. In a sense,
the hybrid-uncertaintymean and variance use the known stochas-
tic information to modify the fuzzy results. The hybrid-uncertainty
mean can be geometrically interpreted as a weighted centroid cal-
culation.It is typical to interpret fuzzy results through some form of
defuzzi� cation. A well-known defuzzi� cation method involves the
calculationof the centroidof a fuzzy result. This hybrid-uncertainty
mean uses the probabilitydensity functionobtained from a stochas-
tic FEM analysis as a weighting factor. The result is a best guess for
the design output both in terms of fuzziness (it is near the midpoint
of the fuzzy range) and in terms of probability (it is shifted toward
the most probable solution).

The hybrid-uncertainty spread should not be confused with the
probabilistic standard deviation. It cannot be assumed that a given
fraction of the results will reside within a range generated by the
hybrid-uncertaintymean plus or minus some multipleof the hybrid-
uncertainty spread. Rather, the hybrid-uncertainty spread can be
used to compare the relative con� dence with which a given output
is known for different ® levels.

Examples
Two examples are presented to illustrate the computational as-

pectsof the proposedmethod. In each example, the input parameters
are assumed to containboth stochastic and fuzzy uncertainties.The
stochastic inputs are considered to be independent with no covari-
ance following normal distributions, and the fuzzy parameters are
characterizedby triangular type fuzzy quantities.

Three-Stepped Bar
The � rst example deals with the displacement analysis of the

three-steppedbar, shown in Fig. 5. In this example, all input param-
eters are considered to be both fuzzy and stochastic in nature. The

Table 1 Data for the fuzzy aspect of input parameters:
three-stepped bar

(Mode, L spread, (Mode, L spread,
Parameter R spread) Parameter R spread)

A1 , in.2 (3.00, 0.10, 0.20) E1 , psi (3.0e7, 2.0e6, 3.0e6)
A2 , in.2 (2.00, 0.20, 0.10) E2 , psi (3.0e7, 2.0e6, 3.0e6)
A3 , in.2 (1.00, 0.10, 0.10) E3 , psi (3.0e7, 2.0e6, 3.0e6)
L1 , in. (12.00, 0.50, 0.30) F1 , lb (0.00, 1.5e3, 1.0e3)
L2 , in. (10.00, 0.40, 0.30) F2 , lb (0.00, 6.0e3, 5.0e3)
L3 , in. (6.00, 0.20, 0.20) F3 , lb (1.0e4, 7.9e3, 1.0e4)

Table 2 Data for the stochastic aspect of input parameters:
three-stepped bar

(Mean, standard (Mean, standard
Parameter deviation) Parameter deviation)

A1 , in.2 (3.05, 0.0866) E1 , psi (3.05e7, 1.4436e6)
A2 , in.2 (1.95, 0.0866) E2 , psi (3.05e7, 1.4436e6)
A3 , in.2 (1.00, 0.0577) E3 , psi (3.05e7, 1.4436e6)
L1 , in. (11.9, 0.2309) F1 , lb (0.00, 1.0e-3)
L2 , in. (9.95, 0.2021) F2 , lb (0.00, 1.0e-3)
L3 , in. (6.00, 0.1155) F3 , lb (1.105e4, 5.167e3)

Table 3 Data for uncertain input parameters: two-dimensional heat
conduction problem

Fuzzy aspect Stochastic aspect
Parameter (mode, L spread, R spread) (mean, standard deviation)

k, W/cm-K (30.0, 3.0, 4.0) (30.5, 2.0207)
L , cm (10.0, 2.0, 1.0) (9.5, 0.866)
Pq0; W/cm3 (100.0, 15.0, 10.0) (97.5, 7.2169)
T1 , ±C (50.0, 5.0, 6.0) (50.5, 3.1754)

Fig. 5 Example 1: three-stepped bar problem.

cross-sectional areas .Ai ; i D 1; 2; 3/ and lengths .L i ; i D 1; 2; 3/
are consideredto be the design parameters followinguniformdistri-
bution. All of the empirical parameters, including Young’s modulus
.Ei ; i D 1; 2; 3/ and external loads .Fi ; i D 1; 2; 3/, are assumed to
follow normal distribution. The fuzzy inputs are shown in Table 1,
and the stochasticinputsare summarized in Table2. (Data for uncer-
tain input parameters for the second example are given in Table 3.)

The results of the stochastic and fuzzy analyses are shown in
Table 4. The hybrid-uncertainty results for the � rst displacement
component are given in Table 5. Figure 6 shows the hybrid uncer-
tainty mean (dotted line) superimposed on the fuzzy results (solid
line). The purpose of the hybrid-uncertaintymean is to serve as a
representativebest guess of the output solution with regard to both
the stochastic and fuzzy inputs. This parameter represents the solu-
tion that has a high degree of possibility as well as a high degree
of probability. The hybrid spread shown in Fig. 7 indicates the rel-
ative degree of uncertainty that a designer must accept for a given
® level. In this problem, all solutions from ® D 0:75 to 1.0 have a
small level of uncertaintycompared to all lower ® levels. This indi-
cates that the designer is free to choose any input values within the
0:75 · ® · 1:0 input range without changing the uncertainty in the
output solution very much. Inputs correspondingto ® · 0:75 result
in an increasingly large output uncertainty.

Two-Dimensional Heat Conduction
The second example deals with the temperature distribution in a

square region with uniformenergy generation,as shown in Fig. 8. It
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Table 4 Fuzzy and stochastic aspects of output response at selected node(s)

Example 1: three-stepped bar Example 2: two-dimensional heat conduction problem

Node 1 Node 19
®-Cut level ®-Cut level
(fuzzy aspect) Lower bound Upper bound (fuzzy aspect) Lower bound Upper bound

0.00 1.28659e-3 1.33941e-3 0.00 72.4532 75.1539
0.25 1.28659e-3 1.31341e-3 0.25 72.7411 74.7881
0.50 1.29959e-3 1.31341e-3 0.50 73.0267 74.4056
0.75 1.30000e-3 1.30041e-3 0.75 73.3101 74.0065
1.00 1.30000e-3 1.30000e-3 1.00 73.5907 73.5907

Mean value
1.41354e-3 (stochastic aspect) 70.9180 (stochastic aspect)

Standard deviation
6.66268e-4 5.30629

Table 5 Hybrid aspect of output response at selected node(s)

Example 1: three-stepped bar Example 2: two-dimensional heat conduction problem

Node 1 Node 19

®-Cut level Hybrid mean Hybrid spread ®-Cut level Hybrid mean Hybrid spread

0.00 1.30561e-3 1.05813e-5 0.00 73.7129 0.551703
0.25 1.30166e-3 7.00992e-6 0.25 73.7087 0.493497
0.50 1.30603e-3 3.95454e-6 0.50 73.6898 0.363245
0.75 1.30020e-3 1.17954e-7 0.75 73.6514 0.193837
1.00 1.30000e-3 0.0 1.00 73.5907 0.0

Fig. 6 Hybrid-uncertainty mean (¢ ¢ ¢ ¢ ¢ ) superimposed on fuzzy solu-
tion (——) for three-stepped bar example.

Fig. 7 Hybrid-uncertainty spread for three-stepped bar example.

Square region with uniform energy generation

Finite element idealization

Fig. 8 Example 2: two-dimensional heat conduction problem.

is assumed that there is no temperature variation in the z direction.
Four system parameters are considered as inputs with one design
parameter, side length L , and three empirical parameters, thermal
conductivity k, heat � ux Pq0, and surrounding temperature T1 . The
fuzzyand stochasticinformationfor these inputs is given in Table 3.
As shown in Fig. 8, the square region is modeled with 32 triangu-
lar type elements with 25 nodes; thus, there are 25 output values
representingthe nodal temperatures.Because the characteristicsare
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Fig. 9 Hybrid-uncertainty mean (¢ ¢ ¢ ¢ ¢ ) superimposed on fuzzy solu-
tion (——) for two-dimensional heat example.

Fig. 10 Hybrid-uncertainty spread for two-dimensionalheat example.

similar for all of the nodes, the results for node 19 are shown as a
representativecase.

The fuzzyand stochasticresults for node19 are shown in Table 4.
The hybrid-uncertainty results are shown in Table 5. The hybrid-
uncertaintymean of the heat conductionproblemis shown superim-
posedon the fuzzy results in Fig. 9. The hybrid-uncertaintyspread is
shown in Fig. 10.Note, unlike the three-steppedbar case, the hybrid-
uncertainty spread increases rapidly as the ® level is reduced. This
indicatesthat the selectionof inputs with low ® levelswill result in a
steadily increasinghybriduncertainty.The designermust, therefore,
choose an acceptable level of uncertaintyand choose a correspond-
ing ® level that results in an uncertainty equal to or lower than this
value.

Sensitivity Study
The stochastic data for the empirical input parameters are gen-

erally determined by experiments or some other objective phe-
nomenon. The fuzzy information, on the other hand, is very much
up to the discretion of the designer. For this reason, it is desirable
to investigate the sensitivity of the hybrid results to a small change
in the fuzzy results (presumably due to some minor adjustment of
the fuzzy input parameters).

The hybrid-uncertainty results are generated using the same
stochastic results, but perturbing the fuzzy results by 1.0% of their
nominal values (at ® D 1:0). The new hybrid-uncertaintyresults are
shown along with the original hybrid-uncertaintyresults in Fig. 11.
Figure 11a shows that the hybrid-uncertaintymode (for a given ®

a)

b)

Fig. 11 Sensitivity study of two-dimensionalheat conduction problem.

level) is shifted by 1.0% (same amount as the perturbation in the
fuzzy data). This indicates that the hybrid-uncertaintymean is af-
fected by a shift in the fuzzy results. On the other hand, Fig. 11b
shows that there is little or no change in the hybrid-uncertainty
spread with a perturbation in the fuzzy results. In other words, the
relative level of uncertainty is unaffected by a slight change in the
position of the hybrid-uncertaintymean.

Conclusion
This work presents a procedure for the FEM in the presence of

both fuzzy and stochastic uncertainties. The methodology gener-
ates fuzzy and stochastic � nite element solutions and combines
them in an appropriate manner to � nd the hybrid-uncertaintymea-
sures of hybrid-uncertainty mean and hybrid-uncertaintyvariance
(or spread). These measures allow the designer to interpret FEM
analysis at an early design phase.

The hybrid-uncertainty mean is useful as a best guess for FEM
output in the presence of both fuzzy and stochastic inputs. This
value represents a weighted defuzzi� cation of the results where the
stochasticprobabilitydistributionfunctionacts as the weightingpa-
rameter. The hybrid-uncertaintyvariance or the hybrid-uncertainty
spread is usefulas a relativemeasureof the uncertaintyof FEM solu-
tions at different® levels.This allows designersto specify the allow-
able input parameter rangesby identifyingthe allowableuncertainty
in the analysis output. The combination of fuzzy and stochastic in-
formation results in a solution that is feasible in both possibilityand
probabilityapproaches.This levelof uncertaintyis nearlyunaffected
by slight changes in the hybrid-uncertaintymean.
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